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1. Introduction
As Maxwell [1, p. 260] pointed out, the classical linear theory of heat conduction, based on Fourier’s law for the thermal
flux, predicts that a thermal disturbance at some point in a material body will be felt instantly, at all other points of the
body, however distant. This is often referred to as the paradox of heat conduction. It is physically unrealistic since it implies
that thermal signals propagate with infinite speed. Thus, given the classical theory’s non-causal nature, and causality’s
fundamental role in modern physics, different theories of heat conduction have been put forth over the course of the
20th century (see Hetnarski and Ignaczak [2,3] and the references cited therein). We also mention the books of Ignaczak
and Ostoja-Starzewski [4] and Straughan [5], where several studies concerning applicability of nonclassical thermoelastic
theories are considered. In particular, Green and Naghdi [6–8] proposed several thermoelastic theories where the heat
conduction does not agree with the usual one. They considered three theories labeled as type I, II and III, respectively. These
theories were based on an entropy balance law rather than the usual entropy inequality. Their thermodynamicsmake use of
the thermal displacement α that satisfies α˙ = θ where θ is the temperature. The field equations of the linear version of the
type I theory agree with the ones of the classical thermoelasticity. Type II thermoelasticity, named as well thermoelasticity
without energy dissipation, is a limiting case of the type III theory and satisfies that the energy of the system is constant
for every time. These theories are currently under study and much research has been carried out to understand them (see
Iesan [9,10]; Iesan and Quintanilla [11]; Lazzari and Nibbi [12]; Leseduarte et al. [13]; Liu and Quintanilla [14,15]; Messaoudi
and Soufyane [16]; Puri and Jordan [17]; Qin et al. [18]; Quintanilla [19–23]; Quintanilla and Racke [24]; Quintanilla and
Straughan [25–27]; Yang and Wang [28], among others).
In this note we investigate the linear (and linearised) theory of type III thermoelasticity (T.III). Our goal is to prove
a continuous dependence result upon initial data and supply terms and two new uniqueness theorems. The continuous
dependence result is established for anisotropic and noncentrosymmetric bodies. We note that in the context of type
II theory a continuous dependence result has been established by Quintanilla [29] under the restrictive conditions that
the internal energy is positive definite. Here we do not assume this condition; then we show that a strong dissipation
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assumption implies several qualitative properties of the solutions of the boundary-initial-value problems of the considered
theory. From the continuous dependence result we derive a uniqueness result. The second uniqueness result is obtained for
centrosymmetric materials. The thermoelastic situations we propose here can define unstable problems. Thus, the results
from this paper represent new steps in the study of the (T.III) system. Thus, it isworth recalling two contributions and reports
concerning unstable problems in elastic and thermoelastic situations (see Knops [30], Knops and Payne [31]).
The plan of this note is the following. Section 2 recalls the field equations of the theory and presents the basic assumptions
whichwill be used in the next sections. In Section 3we establish a continuous dependence result upon initial data and supply
terms. Section 4 is dedicated to a uniqueness result for centrosymmetric bodies.
2. Preliminaries
The general system of field equations for the considered theory takes the form
ρu¨i =

aijkhuk,h − aijθ + Gijrα,r

,j + ρfi, (2.1)
cα¨ = −aiju˙i,j + biθ,i +

Gijrui,j + brθ + krjα,j + brjθ,j

,r + h, (2.2)
where ui is the displacement vector, θ is the temperature, ρ, c, aijkh, aij, bij, kij,Gijr and bi are constitutive coefficients, and
fi and h are supply terms. In the linear case the tensors Gijr and bi can only appear when the materials are neither isotropic
nor centrosymmetric. The thermal displacement α is defined by
α(x, t) =
 t
0
θ(x, s) ds+ α0(x). (2.3)
We assume that the constitutive tensors satisfy the following symmetries (see Knops and Payne [32])
aijkh = akhij, (2.4)
kik = kki, bik = bki. (2.5)
In this paper we are going to study the solutions of the system (2.1), (2.2) in B × I , where I is a time interval and B is a
bounded regular domain B contained inR3. Let Γ be the boundary of B. To the field equations wemust adjoin boundary and
initial conditions. We consider the following boundary conditions
ui(x, t) = u˜i, α(x, t) = α˜, x ∈ Γ , t ∈ I, (2.6)
where u˜i and α˜ are prescribed functions. The initial conditions are
ui(x, 0) = u0i (x), u˙i(x, 0) = v0i (x), α(x, 0) = α0(x), α˙(x, 0) = θ0(x), x ∈ B (2.7)
where u0i (x), v
0
i (x), α
0(x) and θ0(x) are given functions.
In what follows we suppose that the constitutive coefficients are bounded above and have the properties:
(A1) The mass density ρ and the heat capacity c are positive functions. That is
ρ(x) ≥ ρ0 > 0, c(x) ≥ c0 > 0, x ∈ B.
(A2) The tensor bij is positive definite. That is, there exists a positive constant C such that
bijξiξj ≥ Cξiξi, (2.8)
for every vector (ξi).
(A3) There exists a positive constant C1 such thatGijrζijξr 2 ≤ C21 aijrsζijζrs bijξiξj , (2.9)
for every tensor (ζij) and any vector (ξi).
We say that the elasticities are positive definite, if there exists a positive constant C∗ such that
aijkl ζij ζkl ≥ C∗ζij ζij (2.10)
for all tensor (ζij).
If the elasticities are positive definite and (A2) holds, then the inequality (A3) is always satisfied. However, it is worth
noting that our continuous dependence result uses a weaker condition than (2.10). In fact, as we assume that all the tensors
are bounded, the assumption (A3) implies that aijrs cannot vanish if Gijr does not vanish. Of course, when the material is
homogeneous we need to impose (2.10). For several thermomechanical situations, as the linear theory, we can assume that
Gijk = Gjik, aijkl = ajikl, therefore assumption (A3) and (2.10) can be only imposed for symmetric tensors (ζij). In fact, it will
M.C. Leseduarte, R. Quintanilla / J. Math. Anal. Appl. 395 (2012) 429–436 431
be sufficient to impose the inequality
B
aijklζijζkl dv ≥ C∗

B
ζijζij dv,
for symmetric tensors (ζij). A discussion on the positivity of the elasticity tensor can be find in the book of Knops and
Payne [32, pp. 16–22]. It can be interpreted with the help of the theory of mechanical stability.
The physical meaning of condition (A1) is obvious. Condition (A2) guarantees that the energy for the system does not
increase.
Note that we do not assume any positivity for the internal energy which is defined by
aijhkuk,hui,j + kikα,kα,i + 2Gijrui,jα,r .
Thus it is natural to expect that unstable solutions can exist (see last remark at next section).
We note that from (2.8), it follows that the inequality
|kikξiξk| ≤ D1bikξiξk (2.11)
is satisfied for every vector (ξi), where D1 is a calculable constant which depends on the tensors kik and bik.
We note that for the homogeneous one-dimensional case, system (2.1) and (2.2) becomes
ρutt = auxx − a∗θx + Gαxx + ρf ,
cαtt = −a∗utx + 2b∗θx + Guxx + kαxx + bθxx + h.
Here, ρ, a, a∗,G, c, b∗, k and b are constitutive constants. Our assumptions are satisfied whenever ρ, c, a and b are positive.
The second uniqueness result we are going to prove corresponds to the centrosymmetric materials. In the absence of
supply terms, the system of field equations is
ρu¨i =

aijkhuk,h

,j −

aijθ

,j , (2.12)
cα¨ = −aiju˙i,j +

kikα,k

,i +

bikθ,k

,i . (2.13)
We will prove a new uniqueness result for this system. The assumptions we impose here are different from the ones
established currently in the literature concerning this problem. We will only assume that conditions (A1) and (A2) are
satisfied, but we do not impose any assumption on the elasticity tensor apart of the usual symmetry. We point out that
this system can define an ill posed problem in case that the elasticity tensor is not positive.
In case of isotropic and homogeneous materials, our system becomes
ρutt = µ∆u+ (λ+ µ) grad divu− a grad θ,
cαtt = k∆α + b∆θ − a gradut .
Here, ρ,µ, λ, a, c, k and b are constitutive constants. Conditions (A1), (A2) are satisfied whenever ρ, c and b are positive.
Remark. Instead of the Dirichlet boundary conditions, one could employ mixed boundary conditions involving a
combination of Dirichlet conditions on a part of the boundary togetherwith prescribed traction in other part of the boundary.
3. A continuous dependence result
In this section we investigate the continuous dependence of the solutions upon initial data and supply terms. Clearly, we
have to study the behavior of the solutions to the system (2.1), (2.2) with the boundary conditions
ui(x, t) = 0, α(x, t) = 0, x ∈ Γ , t ∈ I, (3.1)
and the initial conditions (2.7).
Multiplying the Eq. (2.1) by u˙i and the Eq. (2.2) by θ on the basis of the divergence theorem and the conditions (3.1), we
find the energy equation
1
2
∥c1/2θ(t)∥2 + 1
2

kikα,i(t), α,k(t)
+ 1
2
(ρu˙i(t), u˙i(t))+ 12

aijkhuk,h(t), ui,j(t)

+ Gijrui,j(t), α,r(t)+  t
t0

bikθ,i(τ ), θ,k(τ )

dτ
= 1
2
∥c1/2θ(t0)∥2 + 12

kikα,i(t0), α,k(t0)
+ 1
2
(ρu˙i(t0), u˙i(t0))+ 12

aijkhuk,h(t0), ui,j(t0)

+ Gijrui,j(t0), α,r(t0)+  t
t0
(ρfi(τ ), u˙i(τ )) dτ +
 t
t0
(h(τ ), θ(τ )) dτ , (3.2)
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where t ≥ t0 ≥ 0. Here (, ) denotes the L2-inner product and ∥ · ∥ is the corresponding norm. In particular, when t0 = 0 we
obtain the following equality
E(t) = 1
2
∥c1/2θ(t)∥2 + 1
2

kikα,i(t), α,k(t)
+ 1
2
(ρu˙i(t), u˙i(t))+ 12

aijkhuk,h(t), ui,j(t)

+ Gijrui,j(t), α,r(t)+  t
0

bikθ,i(τ ), θ,k(τ )

dτ
= 1
2
∥c1/2θ0∥2 + 1
2

kikα0,i, α
0
,k
+ 1
2

ρv0i , v
0
i
+ 1
2

aijkhu0k,h, u
0
i,j

+ Gijru0i,j, α0,r+  t
0
(ρfi(τ ), u˙i(τ )) dτ +
 t
0
(h(τ ), θ(τ )) dτ . (3.3)
For every 0 ≤ t0 ≤ t we define the function
Ft0(t) =
1
2
∥c1/2θ(t)∥2 + 1
2

kikα,i(t), α,k(t)
+ 1
2
(ρu˙i(t), u˙i(t))+ 12

aijkhuk,h(t), ui,j(t)

+ Gijrui,j(t), α,r(t)+  t
t0

bikθ,i(τ ), θ,k(τ )

dτ . (3.4)
Lemma 3.1. Let us assume that 0 < t − t0 ≤ τ1, where τ1 is small enough. Then the following estimates
Ft0(t) ≤
1
2
∥c1/2θ(t)∥2 + 1
2
(ρu˙i(t), u˙i(t))+ 12 (1+ C1ε1)

aijkhuk,h(t), ui,j(t)

+

D1
2
+ C1
2ε1
 
bikα,i(t), α,k(t)
+  t
t0

bikθ,i(τ )θ,k(τ )

dτ , (3.5)
Ft0(t) ≥
1
2
∥c1/2θ(t)∥2 + 1
2
(ρu˙i(t), u˙i(t))+ 14

aijkhuk,h(t), ui,j(t)

+ δ bikα,i(t), α,k(t)+ 12
 t
t0

bikθ,i(τ ), θ,k(τ )

dτ −M bikα,i(t0), α,k(t0) , (3.6)
hold, where ε1 is an arbitrary positive constant, δ is an arbitrary positive parameter, C1 and D1 are given previously and M is a
constant which depends on the constitutive tensors, τ1 and δ.
Proof. We first prove the inequality (3.5). After the use of assumption (A3), inequality (2.11) and the arithmetic–geometric
inequality (A–G), which establishes that xy ≤ 12

εx2 + ε−1y2, for every real numbers x, y and every positive ε, we get
Ft0(t) ≤
1
2
∥c1/2θ(t)∥2 + 1
2
(ρu˙i(t), u˙i(t))+ 12

aijkhuk,h(t), ui,j(t)
+ 1
2
D1

bikα,i(t), α,k(t)

+ C1ε1
2

aijkhuk,h(t), ui,j(t)
+ C1
2ε1

bikα,i(t), α,k(t)
+  t
t0

bikθ,i(τ ), θ,k(τ )

dτ . (3.7)
From (3.7) we obtain (3.5).
Now, let us prove (3.6). In a similar way we see that the inequality
Ft0(t) ≥
1
2
∥c1/2θ(t)∥2 + 1
2
(ρu˙i(t), u˙i(t))+ 12 (1− C1ε2)

aijkhuk,h(t), ui,j(t)

−

D1
2
+ C1
2ε2
 
bikα,i(t), α,k(t)
+  t
t0

bikθ,i(τ )θ,k(τ )

dτ , (3.8)
holds, where ε2 is an arbitrary positive constant.
To prove (3.6) we need to find an upper bound for the

bikα,i(t), α,k(t)

term. Taking into account the symmetry of bij
we have
bikα,i(t), α,k(t)

= bikα,i(t0), α,k(t0)+ 2  t
t0

bikα,i(τ ), θ,k(τ )

dτ
= bikα,i(t0), α,k(t0)+ 2  t
t0

bik(α,i(τ )− α,i(t0)), θ,k(τ )

dτ + 2
 t
t0

bikα,i(t0), θ,k(τ )

dτ
M.C. Leseduarte, R. Quintanilla / J. Math. Anal. Appl. 395 (2012) 429–436 433
≥ bikα,i(t0), α,k(t0)− D2 (t − t0)  t
t0

bikθ,i(τ ), θ,k(τ )

dτ
− 2

1
(t − t0)1/2
 t
t0

bikα,i(t0), α,k(t0)

dτ
1/2 
(t − t0)1/2
 t
t0

bikθ,i(τ ), θ,k(τ )

dτ
1/2
, (3.9)
where D2 depends on bik and the geometry of B. Here we have used the A–G inequality and the following Poincaré type
inequality t
t0
u2 dτ ≤ 4(t − t0)
2
π2
 t
t0
(u˙)2 dτ , (3.10)
which holds whenever u(t0) = 0. Thus,
bikα,i(t), α,k(t)
 ≥ 1− ε3(t − t0)1/2 bikα,i(t0), α,k(t0)
−

D2(t − t0)+ (t − t0)
1/2
ε3
 t
t0

bikθ,i(τ ), θ,k(τ )

dτ . (3.11)
The parameter ε3 is an arbitrary positive constant. If we take ε2 = 12C1 in (3.8), it follows that
Ft0(t) ≥
1
2
∥c1/2θ(t)∥2 + 1
2
(ρu˙i(t), u˙i(t))+ 14

aijkhuk,h(t), ui,j(t)
+ δ bikα,i(t), α,k(t)
+

1−

D1
2
+ C21 + δ

D2(t − t0)+ (t − t0)
1/2
ε3
 t
t0

bikθ,i(τ ), θik(τ )

dτ
−

D1
2
+ C21 + δ
 
1+ ε3(t − t0)1/2
 
bikα,i(t0), α,k(t0)

, (3.12)
for any positive δ.
Let 0 < t − t0 ≤ τ1. If τ1 is sufficiently small, then (3.6) is satisfied and the lemma is proved. 
For every t0 and 0 ≤ t0 < t , and an arbitrary positive constant δ, we define the function
Ht0(t) =
1
2
∥c1/2θ(t)∥2 + 1
2
(ρu˙i(t), u˙i(t))+ 14

aijkhuk,h(t), ui,j(t)
+ δ bikα,i(t), α,k(t)
+ 1
2
 t
t0

bikθ,i(τ ), θ,k(τ )

dτ . (3.13)
This measure is a distance between the solutions.
Lemma 3.2. Let us assume that 0 < t − t0 < τ1. Then there exist two positive constants M2,M3, which only depend on the
constitutive tensors and τ1 such that the estimate
H1/2t0 (t) ≤ M1/22 H1/2t0 (t0)+
M3
2
 t
t0
g(s) ds, (3.14)
holds, where
g(τ ) = ρfi(τ ), fi(τ )+ ∥h(τ )∥2. (3.15)
Proof. If we use (3.6), (3.2), (3.5) and the A–G inequality we get
Ht0(t) ≤ Ft0(t)+M

bikα,i(t0), α,k(t0)

= Ft0(t0)+
 t
t0
(ρfi(τ ), u˙i(τ )) dτ +
 t
t0
(h(τ ), θ(τ )) dτ +M bikα,i(t0), α,k(t0)
≤ M1Ht0(t0)+M

bikα,i(t0), α,k(t0)
+  t
t0
(ρfi(τ ), u˙i(τ )) dτ +
 t
t0
(h(τ ), θ(τ )) dτ
≤ M2Ht0(t0)+M3
 t
t0

(ρfi(τ ), fi(τ ))+ ∥h(τ )∥2
1/2
H1/2t0 (τ ) dτ , (3.16)
for some calculable positive constantsM1,M2 andM3. If we recall the Gronwall type inequality (see Dafermos [33, p. 176])
we conclude that the estimate (3.14) is satisfied whenever 0 < t − t0 ≤ τ1. 
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Our next step is to prove a continuous dependence result valid for large values of time. We use an induction argument.
When t0 = 0 and 0 < t < τ1, we get
H1/20 (t) ≤ Q 1/22 H1/20 (0)+
Q3
2
 t
0
g(s) ds. (3.17)
Here Q2 and Q3 are calculable positive constants such that M2 ≤ Q2 and M3 ≤ Q3. When 0 < t < τ1, they agree with M2
andM3 respectively. But we have changed the notation to make the induction process clear.
Let us assume that the inequality (3.17) holds for 0 < t < nτ1, n ≥ 1(n ∈ N), where Q2 and Q3 depend on nτ1. From the
definition of Ht0(t), for nτ1 ≤ t ≤ (n+ 1)τ1, we have
H0(t) = Hnτ1(t)+
1
2
 nτ1
0

bikθ,i(τ ), θ,k(τ )

dτ . (3.18)
From (3.14) and the fact that nτ1
0

bikθ,i(τ ), θ,k(τ )

dτ ≤ 2H0(nτ1),
we obtain
H0(t) ≤ 2M2Hnτ1(nτ1)+M23
 t
nτ1
g(s) ds
2
+ H0(nτ1), (3.19)
where nτ1 ≤ t ≤ (n+ 1)τ1. As Hnτ1(nτ1) ≤ H0(nτ1), we see
H0(t) ≤ (2M2 + 1)H0(nτ1)+M23
 t
nτ1
g(s) ds
2
, (3.20)
for nτ1 ≤ t ≤ (n+ 1)τ1. Using (3.17) to estimate H0(nτ1)we find that
H0(t) ≤ (2M2 + 1)

2Q2H0(0)+ Q 23
 τ1
0
g(s) ds
2
+M23
 t
τ1
g(s) ds
2
≤ 2Q2(2M2 + 1)H0(0)+ (2M2 + 1)Q 23
 t
0
g(s) ds
2
, nτ1 ≤ t ≤ (n+ 1)τ1. (3.21)
We can write it as
H1/20 (t) ≤ P1H1/20 (0)+ P2
 t
0
g(s) ds, (3.22)
for some constants P1 and P2. Clearly this is an inequality of type (3.17) and holds when t ≤ (n+ 1)τ1. Now, it is clear that
there exist two positive constants N,N∗ (which only depend on the time T ) such that
H1/20 (t) ≤ NH1/20 (0)+ N∗
 t
0
g(s) ds, (3.23)
for every t ≤ T . Thus, we have proved the following continuous dependence result.
Theorem 3.1. Assume that themass density and the specific heat are strictly positive, the tensor bij satisfies condition (2.8) and the
tensor Gijr satisfies (2.9). Let (ui, α) be a solution of the problem determined by the system (2.1), (2.2) and the boundary and initial
conditions (3.1), (2.7). Then, for every finite time T > 0, there exist two positive constantsN andN∗ such that estimate (3.23)holds.
This kind of continuous dependence implies uniqueness of solutions. It is sufficient to see that the only solution to the
problem determined by null initial conditions
ui(x, 0) = 0, u˙i(x, 0) = 0, α(x, 0) = 0, θ(x, 0) = 0, x ∈ B (3.24)
is the null solution. But this is clear from the estimate (3.23). Thus we have proved the following result.
Corollary 3.1. Assume that the mass density and the specific heat are strictly positive, the tensor bij satisfies condition (2.8) and
the tensor Gijr satisfies (2.9). Then the boundary-initial-value problem determined by (2.1), (2.2), (3.1) and (2.7) has at most one
solution.
Remark. We can also obtain an existence result for our problem. A possible way to prove it could be by considering the
Galerkin approach scheme and the estimate (3.23). Thus, we can conclude that under the assumptions we have proposed in
this section we can obtain an existence result. So our problem is well-posed.
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Remark. We have previously pointed out that system (2.1) and (2.2) defines a unstable problem (in general). It does not
seem easy to prove it, but we can adapt the logarithmic convexity argument when (A1), (A2) and (2.10) hold, Gijr = bi = 0
and fi = h = 0. We define
Gω,t0(t) =
c1/2θ2 + aijkhui,j, uk,h+  t
0

B
bijθ,iθ,j dv ds+ ω(t + t0)2, (3.25)
where ω and t0 are two constants to be selected. In the linear elastodynamics these parameters have been introduced by
Knops and Payne [31] for elastodynamics. We have
G′ω,t0(t) = 2

c θ, θ˙
+ 2 aijkhui,j, u˙k,h+ 2  t
0

B
bijθ,iθ˙,j dv ds+

B
bijθ0,iθ
0
,j dv + 2ω(t + t0), (3.26)
and
G′′ω,t0(t) = 2

c θ˙ , θ˙
+ aijkhu˙i,j, u˙k,h+ c θ¨ , θ+ bijθ˙,i, θ,j+ aijkhu¨i,j, uk,h+ ω . (3.27)
From (2.1) and (2.2) we see
c θ¨ , θ
+ aijkhu¨i,j, uk,h+ bijθ˙,i, θ,j = − 
B

ρu¨iu¨i + kijθ,iθ,j

dv. (3.28)
From the equality
E1(t) = 12

B

ρu¨iu¨i + aijkhu˙i,ju˙k,h + c(θ˙)2 + kijθ,iθ,j + 2
 t
0
bijθ˙,iθ˙,j ds

dv = E1(0), (3.29)
we get
cθ¨ , θ
+ aijkhu¨i,j, uk,h+ bijθ˙,i, θ,j = c1/2θ˙2 + aijkhu˙i,j, u˙k,h+ 2  t
0

bijθ˙,i, θ˙,j

ds− 2E1(0). (3.30)
Using the Cauchy–Schwarz inequality we can find the following estimate
Gω,t0G
′′
ω,t0 −

G′ω,t0 −

B
bijθ0,iθ
0
,j dv
2
≥ −2Gω,t0 (2E1(0)+ ω) . (3.31)
If we suppose that E1(0) < 0 (which can happen whenever kij is not positive), we may select ω = −2E1(0) and we obtain
d
dt
G′ω,t0
Gω,t0

≥ −ν G
′
ω,t0
G2ω,t0
, (3.32)
where ν = 2 B bijθ0,iθ0,j dv. If we select t0 such that ν < G′ω,t0(0), two quadratures imply that
Gω,t0(t) ≥
Gω,t0(0)G
′
ω,t0(0)
G′ω,t0(0)− ν
exp
G′ω,t0(0)− ν
Gω,t0(0)
t

− νGω,t0(0)
G′ω,t0(0)− ν
. (3.33)
Thus there are solutions with exponentially growth and instability of solutions is obtained.
4. Centrosymmetric case
In this section we obtain a uniqueness result for the system of field equations (2.12), (2.13) and conditions (3.1), (2.7).
The only assumptionswe assume in this section are (A1) and (A2). That is themass density and the heat capacity are positive
functions and the thermal conductivity is positive definite.
It is worth noting that we do not assume any positivity for the elasticity tensor nor for the tensor kij. Thus, this problem
can be ill-posed. Again we assume that all the constitutive tensors are upper bounded.
We recall that to prove the uniqueness result we need to prove that the only solution corresponding to null data is the
null solution. We note that the conservation of the energy takes the form
E(t) ≡ 1
2
∥c1/2θ(t)∥2 + 1
2

kikα,i(t), α,k(t)
+ 1
2

ρu˙i(t), u˙i(t)

+ 1
2

aijkhuk,h(t), ui,j(t)
+  t
0

bikθ,i(τ ), θ,k(τ )

dτ = E(0) (= 0). (4.1)
We also recall the following equality (see Quintanilla and Straughan [25])
(ρu˙i(t), u˙i(t))+

kijα,i(t), α,j(t)
 = aijkhuij(t), ukh(t)+ ∥c1/2θ∥2, (4.2)
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which was proved by using the Lagrange identities method (Brun [34]). From (4.1) and (4.2) we obtain
(ρu˙i(t), u˙i(t))+

kijα,i(t), α,j(t)
+  t
0

bikθ,i(τ ), θ,k(τ )

dτ = 0. (4.3)
Whenever t is small enough from (2.11), the homogeneous initial conditions and (3.9), we get
kijα,i(t), α,j(t)
 ≥ −D1 bikα,i(t), α,k(t) ≥ −D1D2 t  t
0

bikθ,i(τ ), θ,k(τ )

dτ . (4.4)
Here D1 and D2 are given as in Section 3. Whenever t ≤ t∗ = (2D1D2)−1, from (4.3) and (4.4) we have
0 ≤ (ρu˙i(t), u˙i(t))+ 12
 t
0

bikθ,i, θ,k

dτ ≤ 0. (4.5)
Then, we conclude that
ui = u˙i = α = α˙ = 0, (4.6)
for t ≤ t∗. Thus we can repeat the argument for the interval (t∗, 2t∗) to obtain (4.6) in the interval (0, 2t∗). After a recurrent
process we obtain the following result.
Theorem 4.1. Assume that the mass density and the specific heat are strictly positive and that the tensor bij is positive definite.
Then the boundary-initial-value problem determined by (2.12), (2.13), (3.1) and (2.7) has at most one solution.
Remark. We note that our arguments do not work for the thermoelasticity without energy dissipation, since our analysis
is strongly based on the hypothesis (A2). It seems that the questions of uniqueness for this theory remains an open question
if we only require the positiveness of the mass density and the heat capacity.
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